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We have analyzed in detail the propagation of a minimally coupled massless scalar field in the
gravitational background of a four-dimensional Einstein-Born-Infeld dilaton charged black hole. We
have obtained analytical expressions for the absorption cross section as well as for the decay rate
for the scalar field in the aforementioned spacetime, and we have shown graphically its behavior for
different values of the free parameters of the theory.
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I. INTRODUCTION
Black holes are objects of paramount importance in
gravitational theories. Of particular interest is Hawk-
ing’s radiation [1]. Since it is a manifestation of a quan-
tum effect in curved spacetime, Hawking’s radiation has
always attracted a lot of attention in the community, de-
spite the fact that up to now it has never been detected
in the universe. The greybody factor, or else the absorp-
tion cross section, is a frequency dependent factor that
measures the modification of the original black body ra-
diation, and thus gives us valuable information about the
near horizon structure of black holes [2]. Consequently,
in the literature exist many works in which the authors
have studied the propagation and the relativistic scat-
tering of different kinds of fields, and have analyzed the
corresponding greybody factors.
Relativistic scattering of waves has been traditionally
studied in asymptotically flat spacetimes without a cos-
mological constant [3]. However, due to inflation [4], the
current cosmic acceleration [5] and the AdS/CFT corre-
spondence [6], asymptotically non-flat spacetimes with a
positive or negative cosmological constant have also been
studied over the years [7–12]. In [13], however, the au-
thors have found black hole solutions in three and four di-
mensions that are neither asymptotically flat nor asymp-
totically (anti) de Sitter. In those works the model is de-
scribed by the Einstein-Born-Infeld dilaton action. Orig-
inally the Born-Infeld non-linear electrodynamics was in-
troduced in the 30’s in order to obtain a finite self-energy
of point-like charges [14]. During the last decades this
type of action reappears in the open sector of superstring
theories [15] as it describes the dynamics of D-branes [16].
Furthermore, in the closed sector of all superstring theo-
ries at the massless level the graviton is accompanied by
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the dilaton that determines the string coupling constant.
Since superstring theory is so far the only consistent the-
ory of quantum gravity, it is more than natural to study
the greybody factors of black hole solutions obtained in
the framework of Einstein-Born-Infeld dilaton models.
In this work we wish to find analytical expressions for
the reflection coefficient, the absorption cross-section and
the decay rate for a minimally coupled massless scalar
field in a four-dimensional Einstein-Born-Infeld dilaton
spacetime. Our work is organized as follows: After this
introduction, we present the model and the wave equa-
tion in the next section. In section 3 we obtain exact
solution of the radial equation in terms of hypergeomet-
ric functions, and we compute the reflection coefficient as
well as the absorption cross-section and the decay rate in
section 4. Finally, we conclude our work in the last sec-
tion.
II. WAVE EQUATION OF A MASSLESS
SCALAR FIELD IN THE
EISTEIN-BORN-INFELD DILATON SPACETIME
Our starting point is the model considered in the sec-
ond paper of [13] described by the action
S =
∫
d4x
√−g
[
R− 2(∇φ)2 − V (φ) + (1)
4γe−2κφ(1−√1 + Y )
]
where
Y =
FµνF
µν
2γ
(2)
with the scalar field φ being the dilaton, V (φ) its poten-
tial, γ the Born-Infeld parameter, κ the dilaton coupling
constant, and Fµν the electromagnetic field strength.
The solution for the dilaton is given by [13]
φ(r) =
κ
1 + κ2
ln(br − c) (3)
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2where b, c are constants of integration. In the following
we set for convenience and without loss of generality b =
1 and c = 0. On the other hand the line element for the
metric is given by [13]
ds2 = −h(r)dt2 + h(r)−1dr2 + e2κφdΩ2 (4)
The dilaton potential is taken to be either V (φ) = 0
or a Liouville type potential V (φ) = 2Λe−2κφ. Since the
model is string inspired, in the following we shall consider
the string coupling case κ = 1, in which h(r) is given
either by [13]
h(r) = 2r
(
1− 2H − r0
2r
)
(5)
if V (φ) = 0, or by [13]
h(r) = 2r
(
1− 2H − Λ− r0
2r
)
(6)
if V (φ) = 2Λe−2φ. Therefore in both cases the function
h(r) turns out to be linear in r irrespectively of the dila-
ton potential, namely h(r) = r/L − r0 where r0, L are
constants. The constant r0 is related to the mass of the
black hole [13], r0 = 4M , while the length scale L is given
by
L−1 = 2(1− Λ− 2H) (7)
where the constant H is given by [13]
H = −γ +
√
γ(Q2 + γ) (8)
and the charge Q of the black hole is given by [13]
Q2 =
1 +
√
1 + 16γ2
8γ
(9)
There is a single event horizon rH = Lr0, and therefore
the line element takes the form
ds2 = −h(r)dt2 + h(r)−1dr2 + rdΩ2 (10)
where h(r) = (r−rH)/L. Therefore the metric is charac-
terized by two length scales L, rH which are given func-
tions of the three free parameters of the model, namely
the black hole mass M , the Born-Infeld parameter γ,
and the mass scale Λ in dilaton’s potential. Note that
rH depends on all three free parameters, while L does
not depend on the mass of the black hole.
Now we consider a minimally coupled massless scalar
field Ψ in the above background. The equation of motion
is the standard Klein-Gordon equation
1√−g ∂µ(
√−ggµν∂νΨ) = 0 (11)
and using the ansatz Ψ(t, r, θ, φ) = e−iωtR(r)Y ml (θ, φ),
where Y ml are the usual spherical harmonics, we obtain
the radial equation
R′′ +
(
h′
h
+
1
r
)
R′ +
(
ω2
h2
− l(l + 1)
rh
)
R = 0 (12)
To see the potential that the scalar field feels we define
new variables as follows
R =
ψ√
r
(13)
x =
∫
dr
h(r)
= L ln
(r − rH
d
)
(14)
where x is the so called tortoise coordinate and d is a
constant of integration which will be taken as unity. We
recast the equation for the radial part into a Schro¨dinger-
like equation of the form
d2ψ
dx2
+ (ω2 − V (x))ψ = 0 (15)
Therefore we obtain for the effective potential barrier the
expression
V (r) = h(r)
(
l(l + 1)
r
+
h′(r)
2r
− h(r)
4r2
)
(16)
which can be simplified to be
V (r) = V0 − rH l(l + 1)
Lr
− r
2
H
4L2r2
(17)
where the constant term is given by V0 = (Ll(l + 1) +
1/4)/L2. The effective potential barrier as a function of
the radial distance can be seen in Fig. 1 and 2 below for
l = 1 and l = 0 respectively, and three different cases,
namely γ = 1, Λ = 0, and M = 1.1, 1.75, 2.25.
Since at the horizon the effective potential vanishes,
the general solution for the function ψ close to the horizon
(where ω2  V (x)) is given by
ψ(x) = C+e
iωx + C−e−iωx (18)
while requiring purely ingoing solution we set C− = 0,
and thus the solution becomes
ψ(x) = C+e
iωx (19)
On the other hand, it is easy to check that at large r (or at
large x, since when r  rH , r ' ex/L) the potential tends
to the constant V0, and therefore defining Ω ≡
√
ω2 − V0
the solution for ψ is given by
ψ(x) = A+e
iΩx +A−e−iΩx. (20)
Therefore the far-field solution expressed in the tortoise
coordinate x takes the form of ingoing and outgoing plane
waves provided that ω2 > V0.
III. SOLUTION OF THE RADIAL
DIFFERENTIAL EQUATION
A. Solution in the far-field region
In the far-field region r  rH h(r) ∼ r/L and the
radial equation becomes
R′′(r) +
2
r
R′(r) +
q
r2
R(r) = 0 (21)
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FIG. 1: Effective potential versus r for l = 1, γ = 1,Λ = 0
and for M = 1.1 (solid black line), M = 1.75 (dashed blue
line) and M = 2.25 (dot-dashed red line).
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FIG. 2: Same as in Fig. 1, but for l = 0.
where q = (ωL)2 − Ll(l + 1) or
r2R′′(r) + 2rR′(r) + qR(r) = 0 (22)
which is Euler’s equation. We seek solutions of the form
R(r) ∼ rρ and the power ρ satisfies the algebraic equation
ρ2 + ρ+ q = 0 (23)
The determinant is found to be ∆ = −4L2(ω2−V0), and
the algebraic equation above admits two roots given by
ρ± = −1
2
±
√
1
4
− q (24)
and they are real when 1/4 ≥ q, while when 1/4 < q the
roots are complex. Therefore the solution in the far-field
region reads
RFF = D1
(
r
rH
)ρ−
+D2
(
r
rH
)ρ+
(25)
where D1, D2 are two arbitrary coefficients. In terms of
the tortoise coordinate x, the radial part takes the form
of ingoing and outgoing plane waves only when the two
roots above are complex as follows
RFF =
1√
r
(
D1
r
ρ−
H
e−i=(ρ+)
x
L +
D2
r
ρ+
H
ei=(ρ+)
x
L
)
(26)
with =(ρ+) being the imaginary part of ρ+ defined in
Eq. (24). It can also be seen from the solution of the
Schro¨dinger-like equation at large x, as we already men-
tioned in the end of Section II. From the above it is clear
that D1, D2 represent the ingoing and outgoing waves re-
spectively. Therefore the reflection coefficient is defined
to be R = |D1/D2|2, and in the following we shall con-
sider the case where q > 1/4 or ω2 > V0. In this case the
roots are given by
ρ± = −1
2
± i
√
−1
4
+ q (27)
Note that in the far-field solution for the radial part there
is also a decaying amplitude 1/
√
r, but since it is present
in both terms of the solution, it drops from the final ex-
pression upon taking the ratio to compute the reflection
coefficient.
B. Exact solution in terms of hypergeometric
functions
Next we find an exact solution of the radial equation
(12) in terms of hypergeometric functions introducing
z = 1− rH/r. The new equation for z reads
z(1− z)Rzz + (1− z)Rz +
(
A
z
+
B
−1 + z
)
R = 0 (28)
where A = (ωL)2, B = −(ωL)2 +Ll(l+ 1). To get rid of
the poles we set
R = zα(1− z)βF (29)
where now F satisfies the following differential equation
z(1− z)Fzz + [1 + 2α− (1 + 2α+ 2β)z]Fz
+
(
A¯
z
+
B¯
−1 + z − C
)
F = 0 (30)
and the new constants are given by
A¯ = A+ α2 (31)
B¯ = B + β − β2 (32)
C = (α+ β)2 (33)
Demanding that A¯ = 0 = B¯ we obtain the Gauss’ hyper-
geometric equation
z(1− z)Fzz + [c− (1 + a+ b)z]Fz − abF = 0 (34)
4and we determine the parameters α, β as follows
α = iωL (35)
β =
1
2
+ i
√
(ωL)2 − Ll(l + 1)− 1
4
(36)
Finally the three parameters of Gauss’ equation are given
by
c = 1 + 2α (37)
a = α+ β (38)
b = α+ β (39)
Note that the parameters a, b, c satisfy the condition c−
a− b = 1− 2β. Therefore the solution for the radial part
is given by
R(z) = Dzα(1− z)βF (a, b; c; z) (40)
where D is an arbitrary coefficient, and the hypergeo-
metric function can be expanded in a Taylor series as
follows
F (a, b; c; z) = 1 +
ab
c
z + ... (41)
Note that the above solution for the choice of α = iωL
reproduces the purely ingoing solution at the horizon
(19), as it can be seen from the fact that close to the
horizon (z → 0), the radial part becomes R(z) ' Dzα,
and the parameter z can be written approximately z '
(r − rH)/rH = ex/L/rH .
C. Matching of the solutions
In order to match with the far field solution obtained
earlier (where now z → 1) we use the transformation [17]
F (a, b; c; z) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b) ×
F (a, b; a+ b− c+ 1; 1− z) +
(1− z)c−a−bΓ(c)Γ(a+ b− c)
Γ(a)Γ(b)
×
F (c− a, c− b; c− a− b+ 1; 1− z)
(42)
and therefore the radial part as z → 1 reads
R(z → 1) = D(1− z)β Γ(1 + 2α)Γ(1− 2β)
Γ(1 + α− β)Γ(1 + α− β)
+D(1− z)1−β Γ(1 + 2α)Γ(−1 + 2β)
Γ(α+ β)Γ(α+ β)
(43)
Note that −β = ρ− and β − 1 = ρ+, and since z =
1−(rH/r) the radial part R(r) for r  rH can be written
down as follows
R(r) = D
Γ(1 + 2α)Γ(1− 2β)
Γ(1 + α− β)Γ(1 + α− β)
(
r
rH
)ρ−
+D
Γ(1 + 2α)Γ(−1 + 2β)
Γ(α+ β)Γ(α+ β)
(
r
rH
)ρ+ (44)
Finally upon comparison we express D1, D2 in terms of
D as follows
D1 = D
Γ(1 + 2α)Γ(1− 2β)
Γ(1 + α− β)Γ(1 + α− β) (45)
D2 = D
Γ(1 + 2α)Γ(−1 + 2β)
Γ(α+ β)Γ(α+ β)
(46)
IV. THE ABSORPTION CROSS-SECTION AND
DISCUSSION OF THE RESULTS
The reflection coefficient is given by R = |D1/D2|2,
and according to the previous results is computed to be
R =
∣∣∣∣ Γ(α+ β)2Γ(1− 2β)Γ(1 + α− β)2Γ(−1 + 2β)
∣∣∣∣2 (47)
and using the following identities for the Γ function [8]∣∣∣Γ(iy)∣∣∣2 = pi
y sinh(piy)
(48)∣∣∣∣Γ(12 + iy
)∣∣∣∣2 = picosh(piy) (49)
we obtain the final expression
R =
cosh2
[
pi
[
Lω −
√
−l(l + 1)L+ L2ω2 − 14
]]
cosh2
[
pi
[
Lω +
√
−l(l + 1)L+ L2ω2 − 14
]] (50)
The reflection coefficient depends on L only, and not on
rH . Therefore it does not depend on the mass of the
black hole. As a function of the frequency it can be seen
in Fig. 3 and 4 below for l = 0. It always starts at 1
and monotonically decreases to zero very fast. In Fig.
3 we have set Λ = 0 and we have considered three dif-
ferent values for γ = 0.5, 1, 2, while in Fig. 4 we have
set γ = 1 and we have considered three different values
for Λ = 0.001, 0.01, 0.1. The curves move to the right
as we decrease L (decrease Λ or increase γ) due to the
inequality found before ω >
√
4l2L+ 4lL+ 1/2L.
The absorption cross section is given by the optical
theorem [2, 18]
σabs = Λl
(1−R)
ω2
(51)
where Λl = (2l + 1)pi and therefore the full expression is
given by
σabs =
Λl
ω2
[
1− cosh
2 [pi [Lω −=(β)]]
cosh2 [pi [Lω + =(β)]]
]
(52)
where =(β) = =(ρ+) denotes the imaginary part of β
defined at Eq. (36). The greybody factor as a function
of ω is shown in Fig. 5 and 6 below for l = 0. We have
considered the same values for γ and Λ as in Fig. 3 and 4
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FIG. 3: Reflection coefficient versus ω for l = 0, Λ = 0 and
from left to right γ = 0.5, γ = 1 and γ = 2.
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FIG. 4: Reflection coefficient versus ω for l = 0, γ = 1, and
from left to right Λ = 0.1, Λ = 0.01 and Λ = 0.001.
respectively. First the absorption cross section increases
with ω until it reaches a maximum, and then tends to zero
monotonically but not as fast as the reflection coefficient.
Due to the same inequality, as we decrease L the curves
move to the right, while at the same time the maximum
value gets lower.
Since the flux spectrum emitted by the black hole is
given by [9]
dN(ω)
dt
=
∑
l
σl(ω)
eω/TH − 1
d3k
(2pi)3
(53)
the decay rate is defined to be [8]
Γdecay =
σabs
eω/TH − 1 (54)
where the Hawking temperature is computed to be TH =
1/(4piL) [13]. Thus, the full expression is given by
Γdecay =
Λl
ω2
 e2pi√−4L(l2+l−Lω2)−1 − 1[
epi
√
−4L(l2+l−Lω2)−1+2piLω + 1
]2
 (55)
and as a function of the frequency it can be seen in Fig.
7 and 8 below for l = 0. We have considered the same
values for γ and Λ as in Fig. 3 and 4 respectively. The
decay rate reaches a maximum and then quickly decays
to zero. As we decrease Λ or increase γ the curves move
to the right and at the same time the maximum value
decreases too, precisely as in the greybody factor case.
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FIG. 5: Absorption cross section as a function of ω for l = 0
and values for γ,Λ as in Fig. 3.
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FIG. 6: Absorption cross section as a function of ω for l = 0
and values for γ,Λ as in Fig. 4.
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FIG. 7: Decay rate as a function of ω for l = 0 and values
for γ,Λ as in Fig. 3. Note that the vertical axis is scaled
1 : 10−3.
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FIG. 8: Decay rate as a function of ω for l = 0 and values
for γ,Λ as in Fig. 4. Note that the vertical axis is scaled
1 : 10−3.
V. CONCLUSIONS
To summarize, in this article we have analyzed the
greybody factors for a minimally coupled massless scalar
scalar field in a four-dimensional Einstein-Born-Infeld
dilaton charged black hole background. Since the model
is string inspired we have considered the string coupling
case κ = 1. We have found exact solution of the radial
equation in terms of the hypergeometric functions, and
we have obtained analytical expressions for the effective
barrier potential, the reflection coefficient, the absorption
cross section as well as the decay rate. We have shown
in figures how the above quantities behave for different
values of the free parameters of the theory. Our results
are qualitatively similar to those for a three-dimensional
Einstein-Maxwell dilaton black hole.
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